Let I k be the k-th Veronese square-free ideal of S = K[x 1 , ..., x n ], K a field. We study the symmetric algebra Sym S (I k ) and we give bounds for some algebraic invariants. Few comments on applications are in place.
Introduction
Let I k be the k-th Veronese square-free ideal of S = K[x 1 , ..., x n ], K a field. Recently, the symmetric algebra of a finitely generated module M on a commutative noetherian ring R was studied by the methods of s-sequences, introduced in [8] . The aim is to study the invariants of Sym R (M ), that can be easier if M is generated by a s-sequence. In [9] , the authors prove that I k is generated by a s-sequence if and only if k = n − 1 and they are able to compute the invariants dim(Sym S (I k )),depth(Sym S (I k )),e(Sym S (I k )),reg(Sym S (I k )). For k = n − 1, even for small k, the computation of the invariants is an open problem. Nevertheless, by utilising the methods of s-sequences, it is possible to give bounds for some invariants. More precisely, we introduce the algebra A = S[T 1 , ..., T ( n k ) ]/J l , where J l is the T -linear ideal of S[T 1 ..., T ( n k ) ] associated to I k , that is generated by the linear forms in the variables T 1 , T ( n k ) that generate the ideal in < (J), being J the relations ideal of Sym S (I k ). The ideal J l is write. More precisely, in N.1, for k = 2, we are able to give the structure of the annihilator ideals of I 2 and to be precise in the computation. In N.2, we compute the invariants dim(A) and grade(J l ), bounds for dim(Sym S (I k )) and depth(Sym S (I k )). In N.3 recent applications of the square-free ideal I 2 are illustrated.
Annihilator ideals of I k
We recall here the notion of s-sequence, introduced first in [1] . The notion of s-sequence is given in general for a commutative noetherian ring, with unit R. Precisely, let M a f.g. R-module, we say that the generators f 1 , ..., f n of M are called an s-sequence with respect to an admissible term order <, in the monomials in the variables T 1 , ..., T n , with T 1 < T 2 < ... < T n , if
is not generated by a s-sequence, the ideal (I 1 T 1 , ..., I n T n ) ⊂ in < (J). We call J l = (I 1 T 1 , ..., I n T n ) the linear part of in < (J). It follows that J l is strictly connected with the annihilator ideals of M , I i = (f 1 , ..., f i−1 ) : f i ⊂ R, i = 1, ..., n. Now let I k the k-th square-free monomial ideal, I k ⊂ S = K[x 1 , ..., x n ] generated by all square-free monomials of degree k in K[x 1 , ..., x n ] and let Sym(I k ) its symmetric algebra.
Theorem 2.1 ([9]) I k is generated by a s − sequence ⇐⇒ k = n − 1.
Theorem 2.2 ([9]
) Let I n−1 = (f 1 , ..., f n ) be the monomial ideal generated by all the square-free monomials of degree n − 1, then the annihilator ideals of the sequence f 1 , ..., f n are I 1 = (0) and I i = (x n−i+1 ) for i = 2, ..., n.
The interesting case is for k = n − 1. In particular I 2 is not generated by a s-sequence for n > 3. The following theorem concerns the structure of annihilator ideals ordered lexicographically I 1 = (0), ..., I ( n 2 ) of I 2 . Theorem 2.3 Let I 2 ⊂ k[x 1 , ..., x n ] be the 2-th Veronese square-free ideal, generated by the sequence of n 2 monomials of degree 2:
ordered by the lexicographic order, with respect the order on the variables
, the number of monomials in the sequence (1) that have the variable x l as first factor of a monomial, be the annihilator ideals of the sequence (1). Then we have:
, with x g omission.
Proof.
, with respect to a lexicographic term order and x 1 < x 2 < x 3 < ... < x n , we consider the set (of cardinality α(1) = n − 1) of monomials generators with the variable x 1 as first factor x 1 x i , for i = 2, ..., n. The annihilator ideals of this sequence are in number of n − 1, I
(1) 1 , ..., I
(1) n−1 and we have: x 3 , x 4 , ..., x n−1 ). So they can be written as I
(1)
Consider the sequence of monomials x 2 x j , per j = 3, ..., n in number of α(2) = n − 2. We have: x 2 x 3 , x 2 x 4 , ..., x 2 x n−1 , x 2 x n , and:
Consider the sequence of monomials of the type x 3 x i , i = 4, ..., n, in number of α(3) = n − 3: x 3 x 4 , x 3 x 5 , ..., x 3 x n−1 , x 3 x n . The annihilator ideals are: I (3) 2n−2 = (x 1 x 2 , x 1 x 3 , x 1 x 4 , ..., x 1 x n−1 , x 1 x n , x 2 x 3 , x 2 x 4 , ..., x 2 x n−1 , x 2 x n ) : (x 3 x 4 ) = (x 1 , x 2 ); I (3) 2n−1 = (x 1 x 2 , x 1 x 3 , x 1 x 4 , ..., x 1 x n−1 , x 1 x n , x 2 x 3 , x 2 x 4 , ..., x 2 x n−1 , x 2 x n , x 3 x 4 ) : x 2 , x 4 , ..., x n−1 ). In general, we write:
And so on, we have the sequence of monomials x n−2 x i , i = n − 1, n of cardinality α(n − 2) = 2, x n−2 x n−1 , x n−2 x n , whose annihilator ideals are:
Example 2.4 (n = 5)
Consider the sequence x 1 x 2 , x 1 x 3 , x 1 x 4 , x 1 x 5 , x 2 x 3 , x 2 x 4 , x 2 x 5 , x 3 x 4 , x 3 x 5 , x 4 x 5 , g = 1, 2, 3, 4, 5, α(1) = 4, α(2) = 3, α(3) = 2, α(4) = 1. 
Invariants of Sym(I k )
In this section we want to establish an upper bound for dim(Sym S (I k )), k = n − 1, n > 3. By theorem (1.1) I k is not generated by a s-sequence and in < (J) = J l + K, K = (0). The first theorem concerns the case k = 2. 
Being the ideal J
• Suppose r = n 2 . Then I 2 + ... + I ( n 2 ) = (x 1 , ..., x n−1 ). Each variable x i , 1 ≤ i ≤ n − 1, appears in almost n annihilator ideals. The variable x n doesn't appear, because the monomials where x n appears are x 1 x n , x 2 x n , ..., x n−1 x n , and, if we consider any colon ideal of thype x i x n : x j x k , i, j, k < n, it is generated by a variable x l , l = n. Then we have:
• r < n, i r ≤ k
Starting from r = n, and for all r > n, the sum of colon ideals is (x 1 , ..., x n−1 ), then when we compute the dimensions related to all possibilities for r ≤ n 2 − 1, we obtain dimS/(x 1 , ..., x n−1 ) + r = 1 + r ≤ 1 + n 2
. This implies that the maximum of the dimensions is:
We deduce:
2. Consider the generating sequence of monomials of J 2 :
We can find inside the previous monomials the sequence
Since each regular sequence in J 2 has lenght n − 1, we have: grade(J 2 ) ≥ n − 1.
The following theorem gives the upper bound that we want.
Then we have:
Proof. [8] , being < a term order on the monomials of
It results
Remark 3.3 The bounds given in theorem 1.9. are far to be sharp. For k = n − 1, n big, the result is not very interesting and we have to check directly in the structure of the ideal in < (J). For n = 4, dimSym S (I 2 ) = 6 and dimS[Y 1 , ..., Y 6 ]/J 2 = 7.
Applications
The main field of applications of the square-free ideal I k is the theory of symplicial complexes, in particular, for k = 2, the graph theory. In fact I 2 is the edge ideal, following Villareal [14] , of a simple complete graph, that is very important in problems of transports, networks,... If D is a set of square-free monomials in the same degree of K[T 1 , ..., T n ], being T 1 , ..., T n variables, the algebra K[D] ⊂ K[T 1 , ..., T n ], generated on K by all elements of D, can modelize different situations of the life, as ranking of a big set of data [11] , [13] , and any case in which the connection between a fixed numbers of events must be subtineled. If G is any graph, the monomial algebra K[G], subalgebra of K[T 1 , ..., T n ], describes exchanges of units of goods in [3] , [12] . Some results contained in [6] can have a nice interpretion in transport problems and in the business field. In [3] , [12] , the graph G is bipartite complete, but the Segre product K[G 1 ] ⊗ S K[G 2 ], for G 1 and G 2 complete simple graphs on two sets of vertices is able to modelize more complicated situations [4] , [5] . Then it is important to study the algebra K[G],where G is a complete simple graph on n vertices. The algebra is generated over the field K by the monomials that represent the edges of G, substantially the generators of I 2 . In the following we call this algebra K[I 2 ]. All notions involved in the following results are contained in [1] , [2] , [6] , [12] . Proposition 4.1 Let I 2 be the 2-th square-free Veronese ideal of K[x 1 , ..., x n ] and let K[I 2 ] be the monomial algebra generated minimally on K by the minimal generators of I 2 . We have the following facts:
